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In this note, we show that the difference between the C0-semigroups generated by an
abstract system of thermoelasticity of type III and a suitable decoupled system is compact
in the underlying natural energy space. The problem is reduced to prove the norm
continuity of this difference and the compactness of the difference between the resolvent
of their generators. The argument is based on an operator semigroup technique.
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1. Introduction
Systems of thermoelasticity are usually hyperbolic–parabolic or hyperbolic–hyperbolic coupled systems (type I, type II
or type III) describing the elastic and thermal behavior of elastic, heat-conducting media. The compact decoupling for the
system of thermoelasticity of type I has been analyzed by several authors (see [1–3,6,10] and so on). In [8], one can ﬁnd a
compact decoupling result for the following system of thermoelasticity of type III:
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
utt − μu − (λ + μ)∇∇ · u + ∇ψt = 0 in (0,∞) × Ω,
ψtt − ψt − ψ + ∇ · ut = 0 in (0,∞) × Ω,
u = 0, ψ = 0 on (0,∞) × ∂Ω,
u(0) = u0, ut(0) = u1 in Ω,
ψ(0) = ψ0, ψt(0) = ψ1 in Ω,
(1.1)
where Ω is a bounded domain of Rn with C1,1 boundary ∂Ω , λ and μ are Lamé constants satisfying μ > 0 and δ
=
λ + 2μ > 0, and the initial datum (u0,u1,ψ0,ψ1) belongs to the Hilbert space
H
= (H10(Ω))n × (L2(Ω))n × H10(Ω) × L2(Ω). (1.2)
The norm of H is chosen as
|z| = |z1|2(H10(Ω))n + |z2|
2
(L2(Ω))n + |∇z3|2L2(Ω) + |z4|2L2(Ω), ∀z = (z1, z2, z3, z4) ∈ H, (1.3)
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|z1|2(H10(Ω))n =
∫
Ω
[
μ|∇z1|2 + (λ + μ)|∇ · z1|2
]
dx.
In [8, Section 3], the following decoupled system is introduced:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
u¯tt − μu¯ − (λ + μ)∇∇ · u¯ + P u¯t = 0 in (0,∞) × Ω,
ψ¯tt − ψ¯t − ψ¯ + ∇ · u¯t = 0 in (0,∞) × Ω,
u¯ = 0, ψ¯ = 0 on (0,∞) × ∂Ω,
u¯(0) = u0, u¯t(0) = u1 in Ω,
ψ¯(0) = ψ0, ψ¯t(0) = ψ1 in Ω,
(1.4)
where P is the linear bounded operator in (L2(Ω))n given by
P v = −∇[(−)−1(∇ · v)], ∀v ∈ (L2(Ω))n. (1.5)
The compact decoupling result in [8] can be described as follows: The difference between the C0-semigroup generated by
system (1.1) and the one generated by its decoupled system (1.4) is compact in H .
Note that the compact decoupling technique is a very useful and crucial tool for the study of controllability and/or
longtime behavior problems of the system of thermoelasticity, e.g. [3,8,10].
In this paper, we shall consider a similar compact decoupling problem but for an abstract system of thermoelasticity
of type III. Our abstract result covers the compact decoupling result in [8] as a special case. Note also that, the method
we shall employ is based on an operator semigroup technique, which seems to be much simpler than the PDEs approach
developed in [8].
The rest of this paper is organized as follows. We state our main result in Section 2. Section 3 is devoted to the proof of
the main result.
2. Statement of the main result
In what follows, we assume that H1 and H2 are two Hilbert spaces, operators A1 : D(A1) ⊂ H1 → H1 and A2 : D(A2) ⊂
H2 → H2 are self-adjoint positive, and B : D(B) ⊂ H2 → H1 is a closed operator with adjoint B∗ such that D(A
1
2
2 ) ⊂ D(B),
D(A
1
2
1 ) ⊂ D(B∗), and the operator A−12 B∗A
1
2
1 can be extended to a bounded linear operator from H1 to H2.
Motivated by [1], we consider the following abstract system of thermoelasticity of type III:⎧⎪⎨
⎪⎩
utt + A1u + Bψt = 0, t > 0,
ψtt + A2ψt + A2ψ − B∗ut = 0, t > 0,
u(0) = u0, ut(0) = u1, ψ(0) = ψ0, ψt(0) = ψ1.
(2.1)
The corresponding decoupled system for (2.1) is as follows⎧⎪⎨
⎪⎩
u¯tt + A1u¯ + B A−12 B∗u¯t = 0, t > 0,
ψ¯tt + A2ψ¯t + A2ψ¯ − B∗u¯t = 0, t > 0,
u¯(0) = u0, u¯t(0) = u1, ψ¯(0) = ψ0, ψ¯t(0) = ψ1.
(2.2)
The “natural” energy space for both systems (2.1) and (2.2) reads
H = D(A 121 )× H1 × D(A 122 )× H2,
which is a Hilbert space with norm ‖ · ‖ deﬁned by
∥∥(X1, X2, X3, X4)∥∥=
√∣∣A 121 X1∣∣2H1 + |X2|2H1 + ∣∣A 122 X3∣∣2H2 + |X4|2H2 , ∀(X1, X2, X3, X4) ∈ H.
For system (2.1), we deﬁne an unbounded operator L on H by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
D(L) = {(Y1, Y2, Y3, Y4) ∈ H ∣∣ Y1 ∈ D(A1), Y2 ∈ D(A 121 ), Y3 ∈ D(A 122 ), Y4 ∈ D(A 122 ),
−A2Y3 − A2Y4 ∈ H2
}
,
L =
⎛
⎜⎝
0 I 0 0
−A1 0 0 −B
0 0 0 I
∗
⎞
⎟⎠ .
(2.3)0 B −A2 −A2
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⎪⎪⎪⎪⎪⎪⎩
D(L0) = D(L),
L0 =
⎛
⎜⎜⎜⎝
0 I 0 0
−A1 −B A−12 B∗ 0 0
0 0 0 I
0 B∗ −A2 −A2
⎞
⎟⎟⎟⎠ . (2.4)
It is easy to show that both operators L and L0 generate contractive C0-semigroups (denoted by {S(t)}t0 and {Sd(t)}t0,
respectively) on H.
The main result of this note is now stated as follows.
Theorem 2.1. Assume that A−11 B A
− 12
2 is a compact operator from H2 into H1 . Then, the following two conclusions hold:
(i) For any t  0, operator S(t) − Sd(t) : H → H is compact;
(ii) For any T > 0, operator S(·) − Sd(·) : H → C([0, T ]; H) is compact.
Systems (1.1) and (1.4) may be put into systems (2.1) and (2.2), respectively by setting
H1 =
(
L2(Ω)
)n
, H2 = L2(Ω),
and deﬁning unbounded operators A1 on H1, and A2 and B on H2 by{
D(A1) =
(
H2(Ω) ∩ H10(Ω)
)n
,
A1 = −μ − (λ + μ)∇∇·,
{
D(A2) = H2(Ω) ∩ H10(Ω),
A2 = −,
{
D(B) = H10(Ω),
B = ∇.
It is easy to show that the adjoint B∗ of B is given by B∗ = −div with domain D(B∗) = (H10(Ω))n . Also, it can be shown
that
D
(
A
1
2
1
)= (H10(Ω))n, D(A 122 )= H10(Ω).
In this way, by applying Theorem 2.1 to systems (1.1) and (1.4), we obtain the known compact decoupling result for the
system of thermoelasticity of type III in the literature, i.e., [8, Corollary 3.1].
Remark 2.1. Clearly, the conclusions of Theorem 2.1 are a little stronger than that of [1, Theorem 2.2], which is addressed to
a similar compact decoupling result but for an abstract system of thermoelasticity of type I.
Remark 2.2. It would be quite interesting to establish similar compact decoupling results for other types of coupled systems,
say the system of thermoelastic plate, the systems introduced in [7,9], and so on. We shall present partial results in this
respect in our forthcoming work.
3. Proof of Theorem 2.1
Before giving the proof of Theorem 2.1, we collect below some preliminaries.
To begin with, we note that the operator −A2 generates an analytic C0-semigroup {e−A2t}t0. We recall the following
known result in [1].
Lemma 3.1. For any α ∈ [0,1), the map t → Aα2 e−A2t is norm continuous on (0,∞).
Next, for any linear operator G on a Banach space X , we denote by ρ(G) the resolvent set of G , and for any λ ∈ ρ(G), by
R(λ,G)
= (λI − G)−1 the resolvent of G (here, I denotes the identity operator on X ). We recall the following known result
[4, Theorem 2.3]:
Lemma 3.2. Let Ai generate a C0-semigroup {Si(t)}t0 on X, i = 1,2. If S1(t) − S2(t) is norm continuous for t > 0 and, for each
λ ∈ ρ(A1) ∩ ρ(A2), the operator R(λ, A1) − R(λ, A2) is compact on X, then S1(t) − S2(t) is compact on X as well for t  0.
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Lemma 3.3. Let T > 0. Let W ⊂ C([0, T ]; X) such that for each t ∈ [0, T ], the set {h(t) | h ∈ W} is relatively compact in X. Moreover,
W is uniformly bounded and equicontinuous, i.e.,
sup
h∈W, t∈[0,T ]
∣∣h(t)∣∣X < ∞,
and for any ε > 0, there exists a δ = δ(ε) > 0, such that∣∣h(t1) − h(t2)∣∣X < ε, ∀t1, t2 ∈ [0, T ], |t1 − t2| < δ, h ∈ W.
Then there exists a sequence hk ∈ W and h0 ∈ C([0, T ]; X), such that
lim
k→∞
∣∣hk(·) − h0(·)∣∣C([0,T ];X) = 0.
We are now in a position to prove Theorem 2.1.
Proof of Theorem 2.1. We borrow some idea from [1]. The proof is divided into several steps.
Step 1. We show ﬁrst that the map t → S(t) − Sd(t) is norm continuous on [0,∞). (Note that, for the second conclusion
of Theorem 2.1, we need also to show that the map t → S(t) − Sd(t) is norm continuous at t = 0.)
Let t > 0 and x0 = (u0,u1,ψ0,ψ1) ∈ D(L) such that ‖x0‖ 1. Then
S(t)(u0,u1,ψ0,ψ1) − Sd(t)(u0,u1,ψ0,ψ1) =
⎛
⎜⎜⎜⎝
u(t) − u¯(t)
v(t) − v¯(t)
ψ(t) − ψ¯(t)
θ(t) − θ¯ (t)
⎞
⎟⎟⎟⎠ , (3.1)
where
v = ut, v¯ = u¯t, θ = ψt, θ¯ = ψ¯t .
It is easy to see that⎛
⎜⎜⎜⎝
u(t) − u¯(t)
v(t) − v¯(t)
ψ(t) − ψ¯(t)
θ(t) − θ¯ (t)
⎞
⎟⎟⎟⎠= −
t∫
0
S(t − s)
⎛
⎜⎜⎝
0
g(s)
0
0
⎞
⎟⎟⎠ ds, (3.2)
where
g(s) = B θ¯ (s) − B A−12 B∗ v¯(s).
Noting that x0 ∈ D(L), by the second equation in (2.2), we see that
g(s) = Be−A2sψ1 − B
s∫
0
e−A2(s−σ )A2ψ¯(σ )dσ + B
s∫
0
e−A2(s−σ )B∗ v¯(σ )dσ − B A−12 B∗ v¯(s).
Hence, using integration by parts and noting the ﬁrst equation in (2.2), we obtain that
g(s) = Be−A2s(ψ0 + ψ1) − Bψ¯(s) + B
s∫
0
e−A2(s−σ )θ¯(σ )dσ + B A−12 e−A2(s−σ )B∗ v¯(σ )
∣∣s
0
− B
s∫
0
A−12 e
−A2(s−σ )B∗ v¯t(σ )dσ − B A−12 B∗ v¯(s)
= Be−A2s(ψ0 + ψ1) − Bψ¯(s) + B
s∫
e−A2(s−σ )θ¯(σ )dσ − B A−12 e−A2s B∗u10
D. Li / J. Math. Anal. Appl. 370 (2010) 491–497 495+ B A−12
s∫
0
e−A2(s−σ )
[
B∗A1u¯(σ ) + B∗B A−12 B∗ v¯(σ )
]
dσ
= B A−
1
2
2 A
1
2
2 e
−A2s(ψ0 + ψ1) − Bψ¯(s) + B A−
1
2
2
s∫
0
A
1
2
2 e
−A2(s−σ )θ¯(σ )dσ − B A−
1
2
2 e
−A2s(B A− 122 )∗u1
+ B A−
1
2
2
s∫
0
A
1
2
2 e
−A2(s−σ )(A−12 B∗A 121 )A 121 u¯(σ )dσ + B A− 122
s∫
0
e−A2(s−σ )A−
1
2
2 B
∗B A−12 B
∗ v¯(σ )dσ . (3.3)
Again, by the second equation in (2.2), we see that
ψ¯t(s) + ψ¯(s) = e−A2s(ψ0 + ψ1) +
s∫
0
e−A2(s−σ )
[
ψ¯t(σ ) + B∗ v¯(σ )
]
dσ .
Hence, by changing the integral order, we arrive at
ψ¯(s) = e−s
{
ψ0 +
s∫
0
eτ
[
e−A2τ (ψ0 + ψ1) +
τ∫
0
e−A2(τ−σ )
[
ψ¯t(σ ) + B∗ v¯(σ )
]
dσ
]
dτ
}
= e−sψ0 +
s∫
0
eτ−se−A2τ (ψ0 + ψ1)dτ +
s∫
0
(I − A2)−1
[
e−A2(s−σ ) − eσ−s I][ψ¯t(σ ) + B∗ v¯(σ )]dσ .
In this way, we conclude that
Bψ¯(s) = B A−
1
2
2 e
−s A
1
2
2 ψ0 + B A
− 12
2
s∫
0
eτ−s A
1
2
2 e
−A2τ (ψ0 + ψ1)dτ
+ B A−
1
2
2
s∫
0
A
1
2
2 (I − A2)−1
[
e−A2(s−σ ) − eσ−s I]θ¯ (σ )dσ
+ B A−
1
2
2
s∫
0
[
(I − A2)−1 − I
][
e−A2(s−σ ) − eσ−s I]A− 122 B∗ v¯(σ )dσ . (3.4)
Combining (3.3) and (3.4), we end up with
g(s) = B A−
1
2
2 A
1
2
2 e
−A2s(ψ0 + ψ1) − B A−
1
2
2 e
−s A
1
2
2 ψ0 − B A
− 12
2 e
−A2s(B A− 122 )∗u1
− B A−
1
2
2
s∫
0
eτ−s A
1
2
2 e
−A2τ (ψ0 + ψ1)dτ + B A−
1
2
2
s∫
0
A
1
2
2 e
−A2(s−σ )θ¯(σ )dσ
− B A−
1
2
2
s∫
0
A
1
2
2 (I − A2)−1
[
e−A2(s−σ ) − eσ−s I]θ¯ (σ )dσ
− B A−
1
2
2
s∫
0
[
(I − A2)−1 − I
][
e−A2(s−σ ) − eσ−s I]A− 122 B∗ v¯(σ )dσ
+ B A−
1
2
2
s∫
0
A
1
2
2 e
−A2(s−σ )(A−12 B∗A 121 )A 121 u¯(σ )dσ
+ B A−
1
2
2
s∫
0
e−A2(s−σ )A−
1
2
2 B
∗B A−12 B
∗ v¯(σ )dσ . (3.5)
We remark that, in the left-hand side of (3.5), we need only that x0 ∈ H.
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2 is a bounded operator from H2 to H1, and by Lemma 3.1, s → e−A2s and s → A
1
2
2 e
−A2s are norm
continuous on (0,∞), the maps s → B A−
1
2
2 A
1
2
2 e
−A2s and s → B A−
1
2
2 e
−A2s(B A−
1
2
2 )
∗ are norm continuous on (0,∞). Us-
ing Lemma 3.1 again, we see that, s → ∫ s0 eτ−s A 122 e−A2τ (ψ0 + ψ1)dτ and s → ∫ s0 A 122 e−A2(s−σ)θ¯(σ )dσ are continuous
on (0,∞) uniformly with respect to ‖x0‖  1. Note that the operator A−12 B∗A
1
2
1 can be extended to a bounded linear
operator from H1 to H2. Hence, there is a constant α(s) such that ‖A−12 B∗A
1
2
1 A
1
2
1 u¯(σ )‖  α(s)‖x0‖, ∀σ ∈ [0, s]. Thus,
s → ∫ s0 A 122 e−A2(s−σ)(A−12 B∗A 121 )A 121 u¯(σ )dσ is continuous on (0,∞) uniformly with respect to ‖x0‖  1. Noting again that
B A
− 12
2 is a bounded operator from H2 to H1, it is easy to show that the rest terms in the right side of (3.5) are continuous
on (0,∞) uniformly with respect to ‖x0‖ 1. Consequently, |g(s+ h)− g(s)|H1 → 0 as h → 0 uniformly with respect to x0.
By (3.1)–(3.2) and recalling that {S(t)}t0 is contractive, we conclude that∥∥[S(t + h)x0 − Sd(t + h)x0]− [S(t)x0 − Sd(t)x0]∥∥

∥∥∥∥∥∥∥
t∫
0
S(s)
⎛
⎜⎝
0
g(t + h − s) − g(t − s)
0
0
⎞
⎟⎠ds
∥∥∥∥∥∥∥+
∥∥∥∥∥∥∥
h∫
0
S(s + t)
⎛
⎜⎝
0
g(h − s)
0
0
⎞
⎟⎠ds
∥∥∥∥∥∥∥

t∫
0
∣∣g(t + h − s) − g(t − s)∣∣H1 ds +
h∫
0
∣∣g(s)∣∣H1 ds, ∀t  0, h 0. (3.6)
Therefore, from (3.6), we arrive at that t → S(t) − Sd(t) is norm continuous on [0,∞).
Step 2. Next, we show that, R(λ, L) − R(λ, L0) is compact on H for each λ ∈ ρ(L) ∩ ρ(L0).
Clearly,
R(λ, L0) − R(λ, L) = LR(λ, L)
[
L−1 − L−10
]
L0R(λ, L0). (3.7)
We need to compute L−1 and L−10 . For this, given ( f , g,h, l) ∈ H, the unique solution in D(L) of L(u, v,ψ, θ) =
( f , g,h, l) is⎧⎪⎪⎪⎨
⎪⎪⎪⎩
u = −A−11 g − A−11 Bh,
v = f ,
ψ = A−12 B∗ f − A−12 l − h,
θ = h.
(3.8)
Hence,
L−1 =
⎛
⎜⎜⎜⎝
0 −A−11 −A−11 B 0
I 0 0 0
A−12 B∗ 0 −I −A−12
0 0 I 0
⎞
⎟⎟⎟⎠ . (3.9)
By a similar computation, we obtain that
L−10 =
⎛
⎜⎜⎜⎝
−A−11 B A−12 B∗ −A−11 0 0
I 0 0 0
A−12 B∗ 0 −I −A−12
0 0 I 0
⎞
⎟⎟⎟⎠ . (3.10)
Therefore, one ﬁnds
L−1 − L−10 =
⎛
⎜⎜⎜⎝
A−11 B A
−1
2 B
∗ 0 −A−11 B 0
0 0 0 0
0 0 0 0
0 0 0 0
⎞
⎟⎟⎟⎠ . (3.11)
By the assumption that A−11 B A
− 12
2 is a compact operator from H2 into H1, we see that L
−1 − L−10 is compact on H.
Consequently, R(λ, L) − R(λ, L0) is compact on H for every λ ∈ ρ(L) ∩ ρ(L0).
D. Li / J. Math. Anal. Appl. 370 (2010) 491–497 497Step 3. Combining the results in Steps 1–2, by Lemma 3.2, the ﬁrst conclusion of Theorem 2.1 follows immediately. Finally,
by the result in Step 1, the ﬁrst conclusion of Theorem 2.1, and using Lemma 3.3, we conclude the second conclusion of
Theorem 2.1. This completes the proof of Theorem 2.1. 
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